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Abstract 

We evaluate the noncommutative Chern-Simons action induced by fermions interacting with an 
Abelian gauge field in a noncommutative massive Thirring model in (2+l)-dimensional spacetime. 
This calculation is performed in the Dirac and Majorana representations. We observe that in 
Major ana representation when 6 goes to zero we do not have induced Chern-Simons term in the 
dimensional regularization scheme. 
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Noncommutative field theories have been intensively studied during recent years — for 



a review in noncommutative field theory see, for instance, 



and references therein. At 



one hand, noncommutative spacetime, and in turn noncommutative field theory, arise as a 



particular low energy limit of string theory 



JQQ. On 



the other hand, in condensed matter 



theory, there is an example leading directly to the noncommutative geometry. This is the 
example of the theory of the electrons in a constant magnetic field, projected to the lowest 
Landau level, which is naturally thought of as a noncommutative field theory 0, Q]. The 
noncommutativity geometry plays a very important role in the context of the Hall effect 

□Q 

The noncommutativity of the spacetime can be postulated by the following commutation 
relation 

[x^x u ] = (1) 

with a parameter 9^ u which is a constant antisymmetric tensor, and it has the canoni- 
cal dimension of inverse mass squared. As a consequence of the noncommutativity of the 
spacetime coordinates one replaces the ordinary product of functions by the Moyal product 

f(x)*g(x) = e^ d ^f{x)g{x')\ x , =x (2) 

which is associative, noncommutative and satisfies the following relation 

'f(x)*g(x)= [g{x)*f{x)= [ fg (3) 



that is a consequence of the momentum conservation. Thus to formulate a field theory on a 
noncommutative spacetime it simply needs to replace the usual multiplication function by 
the Moyal product. 

In this works we are interested in analyzing the induction of the Chern-Simons action in 
(2+l)-dimensional spacetime for the noncommutative massive Thirring model. There is a 
well known class of (2+l)-dimensional spacetime theories exhibitin g in teresting phenomena 



such as exotic statistics, fractional spin and massive gauge fields |10L 1t1 |. All these phe- 
nomena are of topological nature and they can be produced when we add Chern-Simons 
term to the Lagrangian which describe the system under consideration. Another important 
point that has been analyzed by a great number of authors is to understand the mechanism 
by which the Chern-Simons term can be generated in the usual spacetime. Particularly, 



the induction of the Chern-Simons term via radiative correction has been explicitly verified 
in the context of models with four-fermion (like Gross-Neveu) 0] or current-current (like 
Thirring) k| self-interaction in the commutative spacetime. The consideration of such a 
class of three-dimensional theories in noncommutative spacetime may reveal new interesting 
physics. 

We consider two different representations for the covariant derivative of the fermions, 
namely, the Dirac and Majorana representations. We discuss some relevant properties of the 



induced noncommutative Chern-Simons actions 0, 0, 0, y y y , y y . 

In the Majorana representation we shall discuss the Chern-Simons action dependence on 
the noncommutati ve p arameter 9^ u . Our investigations in this paper follows the lines of 
the papers j^i 0. 127L 0] which make use of the derivative expansion method. In order to 
perform the divergent integrals we apply the dimensional regularization. 



The action for noncommutative massive Thirring model takes the form 



S 



(4) 



The most efficient way to implement the 1/N expansion for this model is to introduce an 
auxiliary field, = (g/ ^/N)tp"y ^~kip , in order to eliminate the current-current self-interaction 
in Eq.(0J) so that it becomes 



S[A,m] = I d 3 x 
where the covariant derivative acting on ip is given by 



if>*(ip- m)ip + —A^ * A" 



(5) 



1 and g M 



d^ip + ig-Dij) * Ap, Dirac representation, 
d^ip — igyi[A^ V]*, Majorana representation, 



(6) 



1 



with^ D VN — am 2VN 

satisfy the well known algebra 



The 7-matrices in (2+1) dimensions are Pauli matrices which 

(7) 
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where g^ v = (+, — , — ) and e 123 = +1. 

The effective action T(A, m) is defined as 



Z(A, m) = e 



iF(A,m) 



iS[A,m] 



(8) 



We shall calculate the effective action integrating on the fermions in the Dirac representation. 
Let us make use of the derivative expansion method to evaluate the one fermion-loop effective 



action. To do this we substitute the Eq.© into Eq.(jHJ), and use the Moyal product, Eq.(J2J). 
Thus, the effective action in the momentum space is given by 



r[A,m] = -iN Tr In U - m - g B e~ dxp A\x\ 



(9) 



The Tr stands for the trace over Dirac matrices as well as trace over the integration in 
momentum and coordinate spaces. A^{x) being dependent on the position do not commute 
with functions of momentum and it is not clear how to separate out the momentum and 
space dependent quantities. To do that, we shall use the techniques of derivative expansion 
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281 ] that proceeds as follows: 



T[A,m] = T[m] +T'[A,m] 

where the first term is T[m] = —iNTr In — m), which does not depend on the auxiliary 
field A. We concentrate ourselves on the second term, which is known as Matthews-Salam 
determinant 2|J. The term is given by 



-dxp 



m 



T'[A, m] = -iN Tr In - g B 
The new effective action can be written as 

OO 1 

T'[A,m] = iN TrY, - [g D S(p) e~ 9xp 



4L{x) . 



X , 



71=1 



(10) 



(11) 



where S(p) = i^ — m)^ 1 is the free fermion propagator. The exponential term that appears 
in the Eq. (fTT|) is due to the noncommutativity. 

The corresponding action for the quadratic term in A^ is given by 



r^[A, 



m\ 



-Tr 



-dxp 



-d'xp 



4(x') 



2 f> — m ' ' p — m 

Let us use the following identity in order to disentangle the x and p trace, i.e., 

4S{p)e- &xp = YS(p - id)e- 9 ' x{p - ld) A^. 

Now we can rewrite the Eq. (jl2j) in the form 



r< 2 ) = -Jd?xW»A v {x')*A^x) 



where the tensor IT Miy is given by 



= tr 



d 3 p 



S(p)YS(p - id)Y e~ {d+d ' )xp . 



(12) 



(13) 



(14) 



(15) 



Expanding S(p — id) around p, 

S( p - id) = S(p) + S(p)i?S(p) + ■■■ (16) 
and keeping only terms up to the first order in the derivative d, the Eq. (|15Jl is written as 

wu = tT I ^ s (ph" s (p)^ s (ph u - ( 17 ) 

By manipulating this equation is straightforward to get 

IF" = imtx [ ,f ^ . - 1 . x (WtPY+WPff + T*0ff + ™ Z, fW) ■ (18) 
J ( 2tt) ( d — m z r v 7 



(2tt) 3 (p 2 - m?) 

Now applying the tr on the 7 matrices and solving the momentum integration, which is 
finite, we get to the result 

T (2) = U*x<r>d lt A v *A p . (19) 

87T 1 771 1 J 

The corresponding action for the cubic term in is given by 

r ( 3 )L4,m] = l ^T lT ^— e ~ dxp 4{x)-^—e~ d ' xp 4{x')-^—e- d " xp 4{x") .(20) 

3 p — 771 p — 1TI p — 771 x'=x"=x 

Using the equations (fT3j) and (JTfij) we can write the Eq.(j2DJ as 

r (3) = !|d J d 3 xT ^ Au * Ap * A ^ (21) 

where the tensor T Mpiy is 

= tr J ^- 3 s(p)YS(p)YS( P )Y, (22) 

Now applying the tr on the 7 matrices and calculating the momentum integration in the 
Eq. (|22jl we obtain 

(3) = ig^m l d 3 xe »v PA A A (23) 
12vr|m|i V ; 

Finally, combining both contributions, Eq.([19j) and Eq. (}2*3*j) . we find the result 

r cs [A] = -±-™J d 3 xe^ p (d^ *A P - ^A p *A U * A p ^ , (24) 

which is the Chern-Simons action for the Dirac representation. Observe that even in the 
abelian case we have a cubic term, similar to the Chern-Simons action for ordinary non- 
abelian case. 



In the Majorana representation the effective action takes the form 

N CO 



TV 1 
r'[A,m]=i-TrJ2-[9MS(p) (e 



dxp g^xp 



(25) 



n=l 



The corresponding action for the quadratic term in A is given by 



f( 2 ) 



x 



* 9m 



d xtr 



d 3 p 



4g 2 D J J (2tt)3- 



Rewriting the Eq.([26j) in the momentum space we find 



,(2) _ 1 9m 



2 , d 3 k 



(27) 



2 ,/f, 7 (2vr)3 

where the contributions from planar graphics are given by n^" = IP", and the contributions 
from non-planar graphics are written as 

d 3 p 



-2ikxp 



(28) 



where we have used the Eq. fll6|) . Thus, keeping only linear term in the derivative, the 
Eq.pSjl turns out to be 



d 3 p 



D i9.p 



TT^ = —77? tr 
n P / ( 2 7t) 3 {p 2 - m 2 ^ 3 



X 



tyfiW'+ in^W + + m 2 Yfti u ) , (29) 



with 8 a = 6 at3 k/3. Making use of the identities 7 a 7 Q = 3, 

tr( 7 " 7 ,/ T a 7 V) = ^tr( 7 a 7 V ) + g a(3 tr(^Y) + ^tr^V ) - ^trfrVV ) 



and of the relations for the integrals 



d 3 p 



J9.p 



(2tt) 3 (p 2 - m 2 ) 3 
d 3 p PaP/3 e t0 ' p 



327T m 2 \m 
i 1 



(l + m\6\) 



-m\6\ 



(2tt) 3 (p 2 — m 2 ) 3 32vr \m\ 
we can express the Eq. (129)1 in the form 



IP" 

np 



kp 771 r -m\e\ r p,vp _ kp m2 \0\ e -m\e\ 



g a/3 - m\9\~- I e 



a 

fj,up _ JL ( QP e &vp _|_ Q v e t MX P _|_ QP e P- va 

2 ^ 



(30) 



4vr \m\ 167T \m 

The second term of this equation disappears when we use the relation 



9 a (d p e avp + 6 v e pap + 9 p e pua ) = 9 2 e pup , 



(31) 



(32) 



f ^ = -i tr / ^S(p)YS(p)j p S(p)Y (e* k "^ + e -*"**) , (36) 



so that the non-planar graphics contribute as 

11^ = _K™ -rn\5\ e ^P. (33) 

np Aix \m\ 

Now substituting the expressions obtained for planar and non-planar graphics into Eq.(|26|). 
we obtain the term 

f ^ = -^^4 / d 3 x f 1 - e~ m W) t^d,A v * A p . (34) 
8n \m\ gf) J v 1 

The corresponding action for the cubic term, in the momentum space, is given by 

f (3) = \%\w?\wf ^ + ^ ) ^Mk'^mA-k - k'). (35) 

The planar diagrams contribute as T ppu = T^ pu and the expression for non-planar diagrams 
is given by 

1 a f d 3 p 

where k" = —k — k! . After manipulating this equation we can see that it is very similar to 
the Eq.(|29jl and therefore the Eq. (j35j) takes the form 

f (3) = iQM rngl r ^ , _ 

127r \m\ gf) J v J 

Finally, we combine the planar and non-planar contributions to get the Chern-Simons term 
for the Majorana representation, i.e., 

f _ l _J^_9u f j3_ „-m\e\\ ^uvp ( ^ \ , a 

J- cs i i o 

8vr \m\ gf) 

In this equation we observe that the Chern-Simons action T cs is vanish when we take 9 —>■ 0. 
This means that UV/IR mixing, which is a characteristic of some noncommutative field 
theories, is not observed. Also, as we can see in the Eq. (j38)l if m — > 0, massless fermions, 
we do not have induced Chern-Simons action. This happens due to fact that the term 
rmpip is vanish and therefore the parity symmetry is not broken. As in the commutative 
case parity violation is prerequisite to generate Chern-Simons term. We can still consider 
m\9\ — > fixed, such that for m < 1 one has \9\ 3> 1- In this limit the Eq.()38|) does not 



J d 3 x (l - e~ m W) e""> (d p A, *A V - ^A p *A„* A p ^j . (38) 



vanish and we predict light fermions traveling in a strongly noncommutative spacetime. 
Alternatively, from the dispersion relation, E 2 = c 2 p 2 + c 4 m 2 + f{p p 9 p )-, where 9 fJ , = 9 flu p u , p^ 
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here is the external momentum and / depends on the spin and charges of the particle - 
see, for instance, jy] and references therein — we see that the effects of the tensor 9^ v for 
light fermions, i.e., m < 1, with the same spin and charges, are stronger than the effects 



for heavy fermions. The effects of 9^ u on such particles could be, for instance, similar to the 
ones that a birefringent crystal induces in a light beam (31 1. 

We summarize our work recalling that we have investigated the induction of a Chern- 
Simons action by the massive Thirring model in noncommutative spacetime, in the Dirac and 
Majorana representations. In the Dirac representation the Chern-Simons action is similar 
to ordinary non-abelian case. 

As expected, the induced Chern-Simons action is gauge invariant under large gauge trans- 
formations. This happens due to the fact that we have considered parity violation that was 
originated in the fermion mass term. Another point that we have observed is that in the Ma- 
jorana representation when we take 9 — > the Chern-Simons action is vanish and therefore 
UV/IR mixing does not appear. 

Finally, we observe according to Eq. (|38j) . by fixing m\9\, we can predict that light fermions 
are more sensitive to the spacetime noncommutativity than heavy fermions. 
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